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Abstract—A variety of inversions of exponential Radon trans-
form has been derived based on the circular harmonic trans-
form in Fourier space by several research groups. However,
these inversions cannot be directly applied to deal with the
reconstruction for fan-beam or variable-focal-length fan-beam
collimator geometries in single photon emission computed to-
mography (SPECT). In this paper, we derived a Cormack-type
inversion of the exponential Radon transform by employing the
circular harmonic transform directly in the projection space and
the image space instead of the Fourier space. Thus, a unified
reconstruction framework is established for parallel-, fan-, and
variable-focal-length fan-beam collimator geometries. Compared
to many existing algorithms, the presented one greatly mitigates
the difficulty of image reconstruction due to the complicated
collimator geometry and significantly reduces the computational
burden of the special functions, such as Chebyshev or Bessel func-
tions. By the well-established fast-Fourier transform (FFT), our
algorithm is very efficient, as demonstrated by several numerical
simulations.

Index Terms—Circular harmonic decomposition, inverse expo-
nential Radon transform, variable-focal-length fan-beam geom-
etry.

I. INTRODUCTION

QUANTITATIVE single photon emission computed to-
mography (SPECT) requires that photon attenuation
within the body be compensated. When the attenuation

in the region of interest (ROI) is uniformly distributed, both
projection and reconstruction can be studied in the framework
of exponential Radon transform [1]. An explicit inversion
formula of the exponential Radon transform was first derived
by Tretiak and Metz in two dimensions for parallel-beam
collimator geometry [1]. Later, some alternative inversion al-
gorithms were developed [2]–[10]. Since the Fourier transform
(FT) of the sinogram, including certain convolutional forms
as investigated in [9] and [10], was required in these studies,
these inversion algorithms could not be directly applied to
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reconstruct images from projections acquired by nonparallel-
beam collimator geometries unless a rebinning process was
performed to interpolate the nonparallel-beam projections into
parallel-beam projections. Wenget al. attempted to extend the
filtered backprojection (FBP) algorithm in [1] to fan-beam
collimator geometry by a coordinate transform [11], but this
coordinate-transformed inversion could not preserve the FBP
operation. Therefore, its implementation was complicated and
required intensive computation. If the collimator geometry
becomes more complicated than a fan-beam geometry, for
example the variable-focal-length fan-beam types as discussed
in [12], a direct extension of an FBP algorithm would become
much more complicated and would require extremely intensive
computations.

Circular harmonic decomposition was first used by Cor-
mack to study the problem of reconstruction from projections
[13]. The potential use of this technique to reconstruction
of variable-focal-length fan-beam collimator projections was
observed in our previous work [12]. In this paper, we ex-
tend the technique of circular harmonic decomposition to
deal with the reconstruction in variable-focal-length fan-beam
collimator geometry with the uniform attenuation correc-
tion. In this extension, the projection data are first decom-
posed into a Fourier-series expansion with respect to the
angular variable. By the FBP inversion of the exponential
Radon transform in [1], an explicit relation between the
circular harmonic coefficients of the projection data and of
the object image is then established. Image reconstruction
for variable-focal-length fan-beam collimator geometry is,
therefore, feasible. It should be pointed out here that the
presented circular harmonic decomposition is conducted di-
rectly in both the projection space and the object-image space,
rather than in the Fourier space as studied in [1], [2], and
[5]–[8]. Our approach produces a simple unified algorithm for
both parallel- and variable-focal-length fan-beam collimator
geometries.

This paper is organized as follows. In Section II, the basic
notation is introduced. In Section III, a brief review of the
inverse exponential Radon transform is given. An alternative
inversion by harmonic decomposition in both the projection
space and the object space is then derived. The application
of this newly developed inversion for the reconstruction of
variable-focal-length fan-beam projections is investigated in
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Fig. 1. The stationary coordinate systems(x; y); the rotating coordinate
(s; t); and the detector location.

Section IV. Finally, several numerical simulations are per-
formed to test the efficiency of the presented algorithm.

II. BASIC NOTATION

The notations of [1] will be used throughout this paper. A
point in the Euclidean space is denoted by a pair
or by a vector in the Cartesian coordinate
system or by a pair in the polar coordinate system.
Let denote the object function to be reconstructed and

be
the same object function expressed in the rotated Cartesian
coordinate system which is rotated from system
by an angle (see Fig. 1). The relation between these two
coordinate systems is expressed as

(1)

or

(2)

For the sake of simplicity, we introduce the following unit
vectors:

and the imaginary symbol

In SPECT imaging represents the distribution of
radiotracer concentration inside the body. Before thephotons
(emitted from the radiotracer) arrive at the detector they are
attenuated by the body with attenuation coefficient distribution

Let be the projection datum at positionwith

projection angle then

(3)

where

(4)

denotes the accumulated attenuation factor along the half line
from point to the detector. In

some applications, such as quantitative brain SPECT,
can be approximated as a constantin a convex region
containing nonzero In these cases, we define

(5)

where is the distance from point to the boundary
point in the coordinate with Let

then is the exponential Radon trans-
form of expressed as

(6)

where
Equation (6) implies that the modified projection

is the exponential Radon transform of The aim of
this paper is to develop an efficient algorithm to reconstruct a
function from its exponential Radon transform.

III. RECONSTRUCTION FOR

PARALLEL -BEAM COLLIMATOR GEOMETRY

In this section we first give a quick review of Tretiak and
Metz’s method [1]. Let be the one-dimensional
(1-D) FT of with respect to the variable that is

(7)

Define

(8)

(9)

(10)

and

(11)

where is a positive number. Equation (11) can be rewritten
in the spatial domain as

(12)
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where

(13)

By performing a weighted backprojection of , a
function is obtained as

(14)

It is shown in the Appendix that

(15)

where is the zeroth-order Bessel function anddenotes a
vector in According to the properties of Hankel transform
(for details see [1, App.]) we get

(16)

where Letting
we have and consequently

Here, the convergence could be understood in the
sense of integral or continuity norm.

The above reconstruction procedure can be summarized in
following steps.

Step 1: Filter the projection data in the frequency domain

Step 2: Find the inverse Fourier transform

Step 3: Backproject with an exponential weighting func-
tion to obtain the final image

In clinical SPECT imaging the projection can be approxi-
mated to be band limited. Let be the frequency window,
that is, if is within the bandwidth, and zero
elsewhere. In this case the filter function can be replaced
by whose inverse FT exists and is denoted by

Thus, Step 1 can be implemented in the spatial domain as
a convolution [3], i.e., a convolution backprojection algorithm
can be obtained as

(17)

In order to formulate a unified reconstruction method for
both parallel- and variable-focal-length fan-beam collimator
geometries, the circular harmonic decomposition expression
of (17) will be given below.

Expanding and as their Fourier series with
respect to the corresponding angular variables we have

(18)

and

(19)

To reconstruct from using (18) and (19)
the key step is to establish a relation between and

In the past, various relations between and
were established in the Fourier space (see [1],

[2], and [5]–[8]). To our knowledge, reconstructions using
an explicit relation between and have not been
investigated previously for attenuated Radon transform.

From (17) we have (see Appendix)

(20)

where
Unlike the kernel function in conventional FBP algorithm,
here involves the uniform attenuation coefficient The
numerical implementation of (20) is simple because
can be computed by the fast-Fourier transform (FFT). Equation
(20) will be called a Cormack-type inversion of the exponential
Radon transform. It can be shown (see Appendix) that without
the assumption that the projection is band limited (20) is

(21)

where

The computation of
requires the calculations of Bessel functions and is not
recommended for SPECT applications.

IV. RECONSTRUCTION FORVARIABLE-FOCAL-LENGTH

FAN-BEAM COLLIMATOR GEOMETRY

In SPECT imaging, a fan-beam collimator with variable
focal lengths can be used with a gamma camera to improve
detection efficiency and to reduce reconstruction artifacts due
to truncation of projection data. The focal lengths increase
from a minimum at the center to a maximum at the edge of
the object (see Fig. 2). Thus, those projection rays with short
focal lengths improve detection efficiency in the central ROI
and others with long focal lengths avoid truncation artifacts
near the edge of the object.

Assume that the flat detector is parallel to theaxis with
a distance away from the origin (see Fig. 2). The detected
value at a point on the detector is the integral of radionuclide
distribution along line where is located on the

-axis. Let denote the angle between line and the
axis. The focal point has a varying distance from the
origin. When the focal length increases from a minimum for
rays passing through the center to a maximum for rays passing
through the edge of the object should increase with
Every projection ray in Fig. 2 can be determined uniquely by
angle

After the detector is rotated around the origin from the
position of Fig. 2 by an angle every point on the detector can
be uniquely determined by either angular coordinate
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Fig. 2. Illustration of the variable-focal-length fan-beam geometry. The focal
lengthD(�) can be expressed by either the angular coordinate� or the distance
coordinates: D(�) varies slowly near� = 0 and changes fast whenj�j
increases.

or distance coordinate Comparing with the parallel-
beam coordinate we have the following relations for the
angular coordinate:

and (22)

The Jacobian from to is

(23)

where is the derivative of with respect to
Let denote the measured projection datum at point

on the detector and specify its corresponding ex-
pression in parallel-beam geometry. Multiplying by
the factor defined in Section II, the modified projection
data is the exponential Radon transform of
along some specifically arranged projection rays.

Because there exists a one-to-one mapping between
and , the reconstruction for variable-

focal-length fan-beam collimator geometry should have the
same accuracy as the reconstruction for the parallel-beam
collimator geometry. By a translation property of the Fourier
series, the coefficients can be easily computed from the
variable-focal-length fan-beam projection data

(24)
The coordinate transform (22) is a one-to-one mapping and the
coefficients in (20) can be obtained from (24) through
phase translation. Similar to the proposed reconstruction pro-
cedure in [12], we summarize the above arguments and provide
the following reconstruction steps.

1) Compute the FFT of with respect
to the variable for every fixed

2) Translate to by multiplying
the factor

Fig. 3. Shepp–Logan phantom used for generating the projection data.

3) Compute the FFT of kernel function
with respect to the variable and multiply

it to
4) Compute the numerical integral of with

respect to the variable then are
obtained.

5) By Fourier-series expansion is readily calculated
from

6) Finally, transform the polar coordinate expression
to Cartesian coordinate expression

V. COMPUTER SIMULATIONS

In order to investigate the presented algorithm and show
its efficiency, several simulations were performed. In these
simulations, projection data of the Shepp–Logan phantom were
analytically generated and discretely sampled. The phantom
and the reconstructed images were shown by 200200 dig-
itizations with 256 gray scales. The cutoff frequency window
was chosen as the Shepp–Logan window, thus the kernel
function is expressed as

(25)

where the parameter was chosen according to the cutoff
frequency.

Phantom: The Shepp–Logan phantom consisted of nine
elliptical disks, as shown in Fig. 3. The attenuation coefficient

was chosen as per pixel within the phantom
to simulate soft tissue at 140 keV; the pixel size is 0.5 cm.
The simulated exponential Radon transform is then
analytically computed from this phantom.

Simulation I: For 128 angles evenly spaced on a circular
scanning orbit and each projection with 128 bins, we
performed three simulations for three types of acquisition
geometry: parallel-, fan-, and variable-focal-length fan-beam
collimator geometries. In the simulation of nonparallel colli-
mator projections the subtending angle ofis
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Fig. 4. The reconstructed images from 128 projections of 128 bins. The images (a)–(c) correspond to the parallel-, fan-, and variable fan-beam
collimator geometries.

Fig. 5. The reconstructed images from 256 projections of 256 bins. The images (a)–(c) correspond to the parallel-, fan-, and variable fan-beam
collimator geometries.

and rotates from 0 to (equivalent
to 150-pixel size) for the fan-beam case and

is equivalent to 100-pixel size) for the
variable focal-length fan-beam case. The reconstructed images
are shown in Fig. 4(a)–(c) by 200 200 digitizations with
256 gray scales. The computation time was 10 s by a Pentium
266 PC for each of the three geometries.

Simulation II: For 256 projection angles each with 256
bins, we also performed three simulations for the three ac-
quisition geometries. The reconstructed images are shown in
Fig. 5(a)–(c) in the same size as before. The computation time
was 80 s by the Pentium 266 PC for each geometry.

These simulations indicate that the proposed algorithm is
efficient and the reconstructed images have the same quality
for different collimator geometries. Other simulations (not
shown in this paper) indicated that the presented algorithm
is robust to a large extent of attenuation When

is larger than two we need to sample the projection data
denser in order to reduce the artifacts.

In the above simulations, noise was not included. This is
due to two reasons. First, the presented algorithm is very
similar to the conventional FBP algorithm for which the noise
propagation in the reconstruction was thoroughly studied [8].
Our algorithm is only an implementation of FBP using circular

harmonic decomposition. Second, the estimation theory in
Sobolev space [14], [15] has given a quantitative description of
the noise propagation in the projection and the reconstruction.
A detailed study on the noise propagation in SPECT imaging
is currently under investigation [16].

For clinical purposes, a typical application of the above
theory is the brain SPECT. As shown in Fig. 6, it can be
described as follows. The attenuation is from the brain and
the skull bone, but the there is no radiotracer inside the skull,
so after modification, the projection data can be changed to an
exponential Radon transform, and then can be reconstructed
by the proposed algorithm.

VI. CONCLUSION

Many reconstruction algorithms based on different inver-
sions of the exponential Radon transform have been derived
using Fourier-transformed sinograms [1], [2], [5]–[8]. These
algorithms cannot be directly applied to deal with the re-
construction for fan-beam or variable-focal-length fan-beam
collimator geometries unless the projections are rebinned into
parallel data. We have developed a Cormack-type inversion
of the exponential Radon transform for parallel-, fan-, and
variable-focal-length fan-beam collimator geometries. This
algorithm is an alternative to the conventional FBP algorithm
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Fig. 6. The light black region denotes the brain tissues. The dark black
region represents the skull and scalp with thickness ofD along the black line
t1t2: �1 and�2 denote the attenuation coefficients of the brain tissues and
the skull bone, respectively. Along linet1t2 the detected projection datum can
be expressed ass t

t
f(s; t) exp((t�t1)�1�D�2) dt: Then, we can obtain

the exponential Radon transforms t
t

f(s; t) exp(t�1) dt by multiplying a
factor exp(t1�1 + D�2) to the acquired data.

through Fourier-series expansion. Its implementation is simple.
The computation is efficient. It is expected that the presented
algorithm will find applications in clinical SPECT imaging.

APPENDIX

The calculation of (15)

The calculation of (20)

The calculation of (21)
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where is the polar coordinate expression of the Fourier
transform of the object function and denotes the

th-order Bessel function.
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